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Abstract. Superconformal change of variables formulas for N = I Neveu- 
Schwarz vertex operator superalgebras are presented for general invertible su- 
perconformal changes of variables. Using the underlying worldsheet superge- 
ometry of propagating superstrings, geometric proofs of the change of vari- 
ables formulas are given for the case of convergent superconformal changes 
of variables. More general formal algebraic proofs of the change of variables 
formulas in the case of formal superconformal changes of variables are then 
given. Finally, isomorphic families of TV = 1 NS-VOSAs are derived from the 
superconformal change of variables formulas. 



1. Introduction 

In this paper, we prove superconformal change of variables formulas for an = 1 
Neveu-Schwarz vertex operator superalgebras {N = 1 NS -VOSAs) and for general 
invertible superconformal changes of variables. Using the correspondence between 
the worldsheet supergeometry of propagating superstrings in iV = 1 superconformal 
field theory and the algebraic structure of = 1 NS-VOSA developed in |B2| . |B4| 
and (B5) , we give geometric proofs of the change of variables formulas for the case 
of convergent superconformal changes of variables. More general formal algebraic 
proofs of the change of variables formulas in the case of formal superconformal 
changes of variables are then given. In addition, we introduce isomorphic families 
of = 1 NS-VOSAs using the superconformal change of variables formulas. 

This paper is organized as follows. In Sectional we give preliminary definitions 
including the notions of iV = 1 Neveu-Schwarz Lie superalgebra and superconformal 
superfunction. We recall the characterization of invertible superconformal functions 
vanishing at zero given in jB2| and |B4| as exponentials of superderivations which 
give a representation of the A'^ = 1 Neveu-Schwarz algebra. This characterization 
is crucial for the development of the change of variables formulas. In Section 
we introduce two series of supernumbers, 9^-^^ and for j e ^N, which are 

determined by local coordinates vanishing at zero and infinity, respectively, and 
which will appear in the change of variables formulas. 

In Section O we recall the notion of A^ = 1 Neveu-Schwarz vertex operator 
superalgebra over a Grassmann algebra (A^ = 1 NS-VOSA) given in |B2| and |B3| 
and recall some of the consequences of this notion which we will need later. 

In Sectional we present the change of variables formulas for two different types 
of changes of variables. First, in Section EITl we consider a change of variables by a 
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formal invertible superconformal function vanishing at zero. Second, in Section f4.2l 
we consider the change of variables associated to a formal invertible superconformal 
function vanishing at infinity. In both cases, we only state the results; we leave 
the proofs for Sections O and In addition, in Remark 14.31 we indicate how to 
obtain the change of variables formula for an invertible superconformal change of 
variables vanishing at a non-zero point from the change of variables for an invertible 
superconformal function vanishing at zero. 

In Section Owe give geometric proofs of the change of variables formulas in the 
case of convergent superconformal changes of variables vanishing at zero and infin- 
ity. These geometric proofs rely on the worldsheet supergeometry of propagating 
superstrings in = 1 superconformal field theory as developed in jB4j . the notion 
of TV = 1 supergeometric vertex operator superalgebra {N = 1 SG-VOSA) as intro- 
duced in |B5| . and the isomorphism between the category of = 1 SG-VOSAs and 
the category of = 1 NS-VOSAs as proved in jB5j . In addition to giving alternate 
proofs to the formal algebraic proofs we will present in Section (BJ this section gives 
the motivation behind the change of variables formulas. 

Sections 15. Il5.3l recall the basic structures and results involved in the correspon- 
dence between the algebraic and geometric aspects of = 1 NS-VOSAs. In Section 
I5.1L we recall from (34, the moduli space of superspheres with tubes and the sewing 
operation and provide two important examples. Examples 15 . II and 15 . 21 of pairs of 
superspheres with tubes and the sewing operation. These examples are used in 
Sections 15.41 and 15.51 respectively, to prove the change of variables formulas. In 
Section E21 we recall the notion of A^ = 1 SG-VOSA from ^3- In Section Ol we 
recall from 'BS' how to construct an A^ = 1 NS-VOSA from an A^ = 1 SG-VOSA, 
and how to construct an A^ = 1 SG-VOSA from an A^ = 1 NS-VOSA, and then we 
recall the Isomorphism Theorem from jB5| which states that the two notions are 
equivalent because their respective categories are isomorphic. Finally in Sections 
15.41 and 15.51 we use Examples 15.11 and 15.21 and the Isomorphism Theorem to prove 
the change of variables formulas for superconformal changes of variables convergent 
in a neighborhood of zero and infinity, respectively. 

In Section we give proofs of the change of variables formulas for formal al- 
gebraic, not necessarily convergent, changes of variables via a formal algebraic 
argument first employed in "B5' to prove the Isomorphism Theorem. However, in 
the proof of the Isomorphism Theorem we assumed that all local changes of vari- 
ables were convergent in some neighborhood. In this section, and in the change of 
variables formulas presented in Section^ we do not assume the convergence of the 
changes of variables and consequently cannot use the Isomorphism Theorem arising 
from the correspondence between the geometry and algebra as we do in Sectional 
However, enough of the algebraic formalism used in the proof of the Isomorphism 
Theorem in |B5| carries over to the more general setting of formal not necessarily 
convergent changes of variables, and in Section Owe retrace that part of the con- 
struction used in 'B5' in this more general setting to obtain formal algebraic proofs 
of the change of variables formulas. 

In Section we use the results of the change of variables formulas presented in 
Section01to obtain families of isomorphic A^ = 1 NS-VOSAs. Finally, in Section|Hl 
we combine the results of Sections 0] and [Tito give the change of variables formulas 
and family of isomorphic A^ = 1 NS-VOSAs for an invertible superconformal change 
of variables defined on a superannulus. 
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These results are super-extensions of the change of variables formulas developed 
by Huang in |H2| . However, there are some typos in |H2| for defining the isomorphic 
families of VOAs associated to the change of variable formulas in a neighborhood 
of infinity and in an annulus. We point out those mistakes in Remarks 17 . 31 and 18.31 

2. Preliminaries 

2.1. Grassmann algebras and the = 1 Neveu-Schwarz algebra. Let Z2 

denote the integers modulo two. For a Z2-graded vector space V — V'^ S)V^, define 
the sign function rj on the homogeneous subspaces of V by 77(1;) — i for v Cz V'', 
i = 0, 1. If ri{v) = 0, we say that v is even, and if ri{v) = 1, we say that v is odd. A 
superalgebra is an (associative) algebra A (with identity 1 d A), such that: (i) A is 
a Z2-graded algebra; (ii) ab — (— l)''('^)''('')&a for a, b homogeneous in A. 

The exterior algebra over a vector space W, denoted /\{W), has the structure of 
a superalgebra. Fix Wl to be an L-dimensional vector space over C for L £ N with 
fixed basis {(i, ■■■Xl} such that Wl C Wl+i- We denote A(^i) by Al ^'^^ '^^^^ 
this the Grassmann algebra on L generators. Note that /\^ C Al+i: ^^'^ taking 
the direct limit as L ^ 00, we have the infinite Grassmann algebra denoted by Aoo- 
We use the notation /\^ to denote a Grassmann algebra, finite or infinite. 

The Z2-grading of /\^ is given explicitly by 

A* {a e A, I a = X! • ■ -Os,.: aw e C, n e n| 

Al = (a e A, I a "0)0i02 • • • Cn^+i, a{j) e C, n G n|, 

0)6./. 

where 

I* = {(0 = («i,«2, •■• ,«2n) I ii < «2 <•••< «2ri, G {1,2, ...,*}, n e N}, 

J* = {(j) = {jl,h, ■ ■ ■ , j2n+l) I jl < j2 < • • • < j2n+l, jl G {1,2, ...,*}, n G N}, 

with {1,2,...,*} denoting {1,2,...,L} if A* is the finite-dimensional Grassmann 
algebra Al a-nd denoting the positive integers Z+ if A* = Aoo- '^^^^ ^-^^"^ 

decompose A* into body, (A*)s = {^(0) G C}, and soul 

(AJs = {a e A* I a = Y «(fc)CfciCfe2 •■■Cfe„, a(fc) G C| 

(fe) e /. u J. 
k ^ (0) 

subspaces such that A* = (A*)b © (A*)s- For a G A*, we write a = as + as for 
its body and soul decomposition. 

A Z2-graded vector space g is said to be a Lie superalgebra if it has a bilinear 
operation [•, •] such that for u,v homogeneous in g: (i) [u,v] G g(')(")+''("))'"°'i 2. 
(ii) skew-symmetry holds [u,v] = — (— l)''^"^''^^-' [w, u]; (iii) the Jacobi identity holds 
{-l)vH^M[[u,v],w] + (-!)''('')''(") + (-l)''('")''(")[[w,u],i;] = 0. 

For any Z2-graded associative algebra A and for u, w G ^ of homogeneous sign, 
we can define [m, v] = uv — {—l)^^"^^^'"'>vu, making A into a Lie superalgebra. The 
algebra of endomorphisms of A, denoted End A, has a natural Z2-grading induced 
from that of A, and defining [AT, Y] = XY -{-1)'^(^'>''^^'>YX for X, Y homogeneous 
in End A, this gives End A a Lie superalgebra structure. An element D G (End Ay, 
for i G Z2, is called a superderivation of sign i (denoted r]{D) = i) if D satisfies the 
super-Leibniz rule D{uv) = {Du)v + (— l)''*^^)''*^"''wl?w for u,v & A homogeneous. 
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The Virasoro algebra is the Lie algebra with basis consisting of the central el- 
ement d (called the central charge) and i„, for n G Z, satisfying commutation 
relations 

(2.1) [Lm, L„] = (m - n)Ljn+n + ^("^^ ^ m)S,n+n,o d, 

for m, n £ Z. The iV = 1 Neveu-Schwarz Lie superalgebra is a super-extension of the 
Virasoro algebra by the odd elements G'„_|_i/2, for n G Z, with supercommutation 
relations 

(2.3) G„+i,G„_i = 2L„i+„ -f i(TO^ 4- r7i)J„+„,o 

in addition to H2.1|) . We denote the iV = 1 Neveu-Schwarz algebra by ns. 

Let V — ]Jkeii/2)z'^{k) be a module for ns, and let L{n),G{n — 1/2) G End V 
and c G C be the representation images of L„, G„_i/2 and c?, respectively, such 
that L{0)v = kv for v G V(fe). If in addition, V(k) = for k sufficiently small, we 
call V a positive energy representation of ns. 

2.2. Superanalytic and superconformal superfunctions. Let J7 be a subset 
of /\^, and write U — U'^ (B for the decomposition of U into even and odd 
subspaces. Let z be an even variable in and 9 an odd variable in U^. We 
call H : U — > /\^, mapping {z,9) i— > H{z,6), a f\^-superfunction on U in (1,1)- 
variables or just a superfunction. 

Let zb be a complex variable and h{zB) a complex analytic function in some 
open set Ub C C. For z a variable in /\^, we define h{z) to be the Taylor expansion 
about the body of z = + zs- Then h{z) is well defined (i.e., convergent) in the 
open neighborhood {z = + G /\° | zs G Ub} ^ Ub x (A*)s ^ A*- Since 
h{z) is algebraic in each Z(i), for (i) G /*, it follows that h{z) is complex analytic 
in each of the complex variables Z(i) . 

For n G N, we introduce the notation A*>n ^'^ denote a finite Grassmann algebra 
/\^ with L > n or an infinite Grassmann algebra. We will use the corresponding 
index notations for the corresponding indexing sets /*>„ and J*>„. A superanalytic 
superfunction in (1,1) -variables H is a superfunction in of the form 

H{z,9) = {f{z)-^9az),^P{z)-^9g{z)) 

= I /w(^)CiiCi2 •••o„ + Y ^o)(^)Oi02 •••Cj2„+i, 

Y V'(j)(^)0i02 ■ ■ ■02„+i + ^ Y 9(i)iz)QiCi2 ■ • ■Ci„ 1 

0)eJ.-i (i)e/.-i / 

where f(j_){zB), g(i)izB), ^(j)izB), and ^^j^^zb) are all complex analytic in some 
non-empty open subset Ub C C. If each f{i){zB), g(i){zB), ^(j)(z_b), and ip(j){zB) 
is complex analytic in Ub Q C, then H{z,9) is well defined (i.e., convergent) for 
{{z,9) G A*>o I e Ub} ^ Ub X {A*>o)s- Consider the topology on /\^ given 
by the product of the usual topology on (A*)b = C and the trivial topology on 
(A*)s- This topology on /\^ is called the DeWitt topology. The natural domain 
of any superanalytic /\^^Q-superfunction is an open set in the DeWitt topology on 

A*>o- 
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Since 1/a = '^^^^ defined if and only if as 7^ 0, the set of 

invertible elements in /\^, denoted /\^, is given by /\^ = {o- & o-b ^ 0}. 

Wc define the (left) partial derivatives d/dz and 9/9^? acting on superfunctions 
which are supcranalytic in some DeWitt open neighborhood U of (z, 9) G A«>o 

Az(^^if(z,^)^ +0((Az)2) = H{z + Az,0)-H{z,9) 

A9(^-^H{z,9)^ = H{z,9 + A9)~H{z,0) 

for all Az G A*>o ^nd A6I e Ai>o such that z + Az e [7° = C/s x (A°>o)5 
and + A0 ^ = Ai>o- Note that 9/i9z and d/dO are endomorphisms of 
the superalgebra of superanalytic superfunctions, and in fact, are even and odd 
superderivations, respectively. 

If h{zB) is complex analytic in an open neighborhood of the complex plane, 
then h{zB) has a Laurent series expansion in zb, given by /i(zs) = Y^i^^ciz^b^ for 
c; G C, and we have h{z) = I]„gN(zg/n!)ft,(")(z_B) = '^K^s + ^s)' = Efez*^'^' 

where (zb + Z5)', for i G Z, is always understood to mean expansion in positive 
powers of the second variable, in this case zs- Thus if if is a A*>o'^uP^'"f^^c*io^ 
in (1, l)-variablcs which is superanalytic in a (DeWitt) open neighborhood, H can 
be expanded as 

(2.4) H{z, 9) = aiz' + niz\ ^ miz' + ^ ^ biz'\ 

for ai,bi G ALi and mum G A1-i- 

Define D to be the odd superderivation D = d/d9 + 9d/dz acting on su- 
peranalytic superfunctions. Then = d/dz, and if H{z,9) — {z,0) is su- 
peranalytic in some DeWitt open subset, then D transforms under H{z,6) by 
D = {D0)D + {Dz — 0D9)D'^. We define a superconformal {l,l)-superf unction 
on a DeWitt open subset U of A*>o * superanalytic superfunction under 

which D transforms homogeneously of degree one. Thus a superanalytic function 
H{z, 0) = (z, 6*) is superconformal if and only if, in addition to being superanalytic, 
H satisfies Dz — 9D9 = 0, for D9 not identically zero, thus transforming D by 
D = {D0)D. 

Let i? be a superalgebra, let x be an even formal variable, and let <p be an odd 
formal variable. By this wc mean that x commutes with all formal variables and 
all superalgebra elements and (p anticommutes with all odd formal variables and all 
odd superalgebra elements but commutes with even elements. We use the following 
notational conventions for V a vector space: 



V[x] 




1 


G V, all but finitely many vj 


= 0} 


V[x,x-'^] 




1 


G V, all but finitely many vj 


= 0} 


V[[x]] 




1 






V[[x,x-']] 


1 Vj 







jez 
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V{{x)) ~ l^^^j^"' I ^ ^7 "^j — fo'' i sufRciently small} 
= V®ipV. 

We will use analogous notation for several variables. Note that R((x))[(p] and 
R{{x~^))[if] are superalgebras. 

For j e Z, define the following even and odd superderivations, respectively, 

(2.5) L,ix,p) ^ + 

(2.6) G,-.(.,,) = -^(^-.|: 

in Der(i?[[a;, a;~^]]))[(/5]). It is easy to check that Lj{x,(p) and Gj_i/2{x,(f) give a 
representation of the iV = 1 Neveu-Schwarz superalgebra with central charge zero. 

For any formal power series H £ R[[x, x~^]][(p], we say that H{x, ip) — {x, (p) is 
superconformal if Dx = (pD(p for D = d/dp + ipdjdx. 

Let (i?°)°° be the set of all sequences A = {Aj}j^z+ of even elements in R, let 
{R^)°° be the set of all sequences M = {Mj_i/2}jez+ of odd elements in R, and 
let R°° = (i?°)°° © (i?i)°°. Let (i?°)^ denote the set of invertible elements in i?". 
Consider the set of formal superconformal power series H G © with 

invertible even coefficient of ip, i.e., of the form 

(2.7) H{x,p) = ia'^^(^x+ ^ QjX^^^ + V X! "^i^^ 



an(^ mj_ia;J +V3(1+ ^ 6^-0;^; 
J6Z+ jez+ 

with «□ e (-R°)^, {a,ni) — {{aj ,mj_i)}j^z+ G and satisfying I?x = pDp. 
li R — /\^ and (x, (p) = (z, 6*) then these are the invertible superconformal local 
coordinates vanishing at zero. Note that if H is given by 12. 7|) . then the condition 
that H be superconformal means that rij and bj, for j G Z+, are completely de- 
termined by an, the a^-'s and the mj_i's, for j G In |B2| and |B4| . we show 
that there is a bijection between the set of formal superconformal power series 
H G a:i?[[a;]] © with invertible even coefficient of p and the set of formal 

power series of the form 

(2.8) exp (A,Lj(x,(p)+M^._iG^._i(a;,^)) 

\ iez+ " / 

with aa G {R°Y, and (A,M) ^ {{Aj,Mj_i)]jez+ e As is shown in |B4| . 

this defines a bijection 

(2.9) £; : — * R°^ 

(A, M) i-> (a,m). 

which allows us to define a map E from to the set of all formal superconformal 
power series in a::i?[[a;]] © with leading even coefficient of p equal to one, by 
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defining 

(2.10) ipE°{A,M){x,ip) = ip(x+ ^ Ej{A,M)x^+A, 

(2.11) ^E\A,M){xM = ^ £;j-_i(AA'/)x^ 

and letting E{A^ M){x, ip) be the unique formal superconformal power series with 
even coefficient of ip equal to one such that the even and odd components of E satisfy 
(|2.1()|l and 1)2.11(1 . respectively. Similarly, we define a map E from (i?'^)^ x R°° to 
the set of all formal superconformal power series in a;i?[[a;]] ©(/3i?[[a;]] with invertible 
leading even coefficient of ip, by defining 

(2.12) Eiaa,A,M){x,ip) = [E^'iaa, A, M){x,ip), E\aa, A, M){x,ip)) 

= [alE'^iA, M)ix, (^), aaE\A, M){x, ip). 

Thus we have the following proposition which is proved in jB4| . 



Proposition 2.1. /|B4| ) The map E from (i?°)^ x to the set of all formal 
superconformal power series H(x, ip) G a;i?[[a;]] © of the form 



(2.13) 



ipH{x,ip) = ipia1j(^x+ ^ ajx^+^^aa ^ 



and with even coefficient of ip equal to «□ for (an, a, m) G (i?*^)^ xR°° , is a bijection. 

The map E from R°° to the set of formal superconformal power series of the 
form \2.1!j\) with an = 1 and even coefficient of p equal to one is also a bijection. 

In particular, we have inverses E~^ and E^^ . 

Note: In IB4j . the space xi?[[a;]] © was erroneously denoted xi?[[a;]][(^]. 

Remark 2.2. Let I(x,p) = {l/x,iip/x). Then / is superconformal and vanish- 
ing at {x,ip) — (oo,0) — oo. Note that the composition of two superconformal 
functions is again superconformal. Thus if H G x~^ R[[x~^]][ip] is superconformal, 
vanishing at infinity and with even coefficient of ipx~^ equal to i, then H o I^^ is 
superconformal, vanishing at zero and with even coefficient of ip equal to one. Then 
by Proposition |0] H o I~^{x, p) = E{A, M){x, ip), and therefore 

H{x,ip) = E{A,M)oI{x,p) 

= exp - V MjLj(a;,<^) + M _iG'._i(a;,(^)) ) ■ {x,ip) 



exp 



(- E (^.^.(^'^) + M^_^G^_^{X, p))\ 

(^AjL_j(a;,(p) +iMj_iG_^+i(a;,(p) H • {x,<p). 



{x,tp)=I{x,ip) 



2.3. The {6j"^\ O^L^/j)}^^^ ^^'^ {^f\^j^li/2)}jez series. In this section we 
recall two series first introduced in B4 which will play a central role in the change 
of variables formulas. Though rather technical as introduced here, a geometric 
motivation for these series will be given in Section O 
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1 /2 

Let QfQ and Aj, for j E 2+, be even formal variables and let A4j_i, for j G Z+, 
be odd formal variables. Let 



Let 



Let w be another even formal variable and p another odd formal variable and define 
the superconformal shift 

(2.14) S(^^^^){w,p) ^ {w - X - p(p,p- (p). 
Then S(^,<^) o H^^^in^j^M ° ""ll^)^^^^^^ "o ^^^P) is in 

^C[x,^][a|,ao-%[^]][A^][H]©pC[a:,^][4,ao"][[-^]][>'][N], 
is superconformal in {w, p), and the even coefficient of the monomial p is an element 
in (1 + xC[x] [ay^ , a-'/\A]][M] ^C[x] [a^^ , a-'/\A]][M]). 

Let = ef\ay\A,M,{x,v)) G C[x,v][ay\ao'^\A]][M], for j e ^N, 
be defined by 

(2.15) (exp(e[,^) (4 , A A^, (x, (p)), {ef ^ (4 , A A^, (x, ^)), 

efK{al,A,M,{x,v))} ) 
In other words, the B^-^'^'s are determined uniquely by 

exp(e« (2-|;+P^))-Kp). 

This formal power series in (w, p) gives the formal local superconformal coordi- 
nate at a puncture of the canonical supersphere obtained from the sewing together 
of two particular canonical superspheres with punctures as we shall in Example 15. II 
in Section 

The following proposition states results contained in Corollary 3.44 and Propo- 
sition 3.45 in jfj4| . Corollary 3.44 and Proposition 3.45 are in turn based on Propo- 
sition 3.30 of jB4| . However, there is a typo on line six on p. 72 in |B4| of the 
proof of Proposition 3.30 and hence in the statement of Proposition 3.30 and in the 
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statements of Corollary 3.44 and Proposition 3.45 which are based on Proposition 
3.30. Line six on p. 72 of the proof of Proposition 3.30 in |B4j should read 



exp 
rather than 

exp 



dw V dp dw I 



We will need the corrected results from Corollary 3.44 and Proposition 3.45 in 
jB4| . and these results are given in the proposition below. It is the first line of the 
righthand side of equation (|2.16|l below that contains the corrected terms. 

Proposition 2.3. (^^) The formal semes Qf\t-^/'^al^'^ , A, M, {x, Lp)), for j G 
iN, are m C[x,ip][A][M][a~^^\t^^^]]. Thus for «□ e (A")^ and (A, M) G /\'^ , 
the series Q'j^\t~^/'^aci, A, M, (x, (f)), for j G ^N, are well defined and belong to 

AAx,^][[t^/% 

Let {x{t^^'^),ip{t^^'^)) — (-ffj^^i/2(j|_j ^ v)^ '"^'^ ^ ^6 a positive-energy 

module for ns. Then in ((End (/\^ (8)c^))[[^^]][[a;, a;"-^]][93])'', the following identity 
holds for ef^(ti/2) = e\^\t-^/^an,A,M, ix,ip)). 



(2.16) exp(-f: 



(( 



Aj + 2[ j t~-^aaX~^(pMj^ijL{m) 



((^)'--M,-j+^^^^,)G(™ + i)) 



= exp ^(i '^a^x{t'^) -x-t ^ an^(t 2 )(^)i(-l) + (t 2 an^(t 2 ) _ ^)G'(-i) 

expT ^ (ef\t^)L{j) + (a)G(j - i)) ) • exp (-2e(^)(a)i(o) 

Similarly, let Bj, for j G Z+, be even formal variables and let J^j^L, for j G Z+, 
be odd formal variables. Let 

H^^'Hx^ip) = exp( ^ ('6,L_,(a;,^)+AA^._.G_^.+ i(x,(p)n • (i,^) 
\j ez+ ^ J j X X 

a; / 



and let 

(i, ^) = (i/gi,) o /(a:, ^) G (x, ^) + C[x-\ (p] [[S]] [AA] . 

Let u; be another even formal variable and p another odd formal variable. Now 
write S(a;,,^)(w, p) = (—a; + w — — V')- We will use the convention that we 
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should expand {—x + w ~ pipy = {—x + wy — jpip{—x + wy ^ in positive powers 
of the second even variable w, for j G Z. Then 

si..,^)°i-'°H^BM°-'il^)(^^p) e wc[x-\ipmmM]®pn^'\m>3]mMi 

is superconformal in {w, p), and the even coefficient of the monomial p is an element 
in {l+x-^C[x-\^][[B]][N]). 

Let ef ^ = ef\B,Af, (x, if)) e C[x-\ip][[B]][N], for j e ^N, be defined by 

(2.17) (exp(e[,')(e, A/-, (x, |ef (e, AA, {x, ^)), ef \ (S, AA, (x, ^))| ) 



(2) 

In other words, the 0^- s are determined uniquely by 




This formal power series in (w, p) gives the formal local superconformal coordi- 
nate at a puncture of the canonical supersphere obtained from the sewing together 
of two particular canonical superspheres with punctures as we shall see in Example 
E21in Section [Q 

The following proposition states results contained in Corollary 3.47 and Propo- 
sition 3.48 in jB4| . Corollary 3.47 and Proposition 3.48 are in turn based on Propo- 
sition 3.31 of |B4| . However, there is a typo on line five of the proof of Proposition 
3.31 (which appears on p. 76 of ''B4|l and hence in the statement of Proposition 3.31 
and in the statements of Corollary 3.47 and Proposition 3.48 which are based on 
Proposition 3.31. Line five of the proof of Proposition 3.31 on p. 76 in | B4| should 
read 



rather than 




We will need the corrected results from Corollary 3.47 and Proposition 3.48 in 
|B4| . and these results are given in the proposition below. It is the first line of the 
righthand side of equation (|2.18() below that contains the corrected term. 

Proposition 2.4. (BA ) The formal series of^ {{t'^Bk, t^^^''^Nk-i/2]kez+ , {x, v)), 
for j e \n, are in C[x-^ , ip][B][Af][[t^^'^]]. Thus for {B,N) e /\'^ , the series 

({t'=i?fc,t'=-^iV,_i}feez+,(x,^)) 

are well defined and belong to /\^[x^^ , ip][[t^^^]]. 
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Let (i(tV2)^^(ii/2)) ^ o/(a;,^), and let V be a 

positive-energy module for ns. Then in ((End (A* ®C^))[[^"'"^^]][[2;i 2;~"'"]][iy9])°, the 
following identity holds for ef\t^/^) = ef\{t''Bk,t>'~^/^Nk-i/2}kez+, i^,^))- 

(2.18) expfg ^ f;^^+^^)a:-^-™('(i^i3,+2^i^-^iV^._.)L(m) 



m=-l jGZ+ 



+ {t^-iN^_.+vx-'^-^j^t^B,)G{m+^: 

= exp (^(i(t^) -X- ^{ti)^)L{-l) + {^{ti) - (^)G(-i) 

expU {Qf\thL{j) + ef!.it^)G{j ~ l))] ■ exp {^2e^^\ti)m) . 

3. iV = 1 Neveu-Schwarz vertex operator superalgebras 

In this section, we recall the notion of TV = 1 Neveu-Schwarz vertex operator 
superalgebra over a Grassmann algebra and with odd formal variables (N — \ NS- 
VOSA) given in |B2| and |B3| and recall some of the consequences of this notion 
which we will need later. 

Let X, xo, xi and X2 be even formal variables, and let (/s, ipi and ^p2 be odd 
formal variables. For any formal Laurent series f{x) e AooII^' ^^^]]' can define 

(3.1) f{x + ^^^2)^ f{x)+VlV2f'{x) e K^[[x,X-^]][^^][ip2\. 

Recall (cf. |FLM| ) the formal S-function at x — 1 given by S{x) = X^nsz^"- 



developed in | B3 | , we have the following 5- function of expressions involving three 
even formal variables and two odd formal variables 

f Xi - X2 - (pi(p2\ ^„ 
dl 1 = 2^[Xl - X2 - yyi(p2) Xf^ 

^ '^^ ' nGZ 

Jxi-X2\ _i ,(xi-X2 
= ~ '■P1'-P2Xq 

\ xo J \ Xo 

where S'{x) — d/dx S{x) — X^nez nx"^^, and we use the conventions that a function 
of even and odd variables should be expanded about the even variables and any 
expression in two even variables (such as {xi —X2)", for n £1.) should be expanded 
in positive powers of the second variable, (in this case X2)- 

From jB3j. we have the following (5-function identity which will be used in the 
proofs of Lemmas 16.11 and 16 . 31 

(3.2) x-M ^.1±I^±£1^\ ^ ,-^s( -^--o-^^V'^' 

\ Xi J \ X2 

Definition 3.1. An iV = 1 NS-VOSA over A* 0''nd with odd variables is a ^Z- 
graded (by weight) Aoo"™'-"-^'^!^ which is also Z2-graded (by sign) 



(3.3) 



^ = II ^(^) = II ® II ^(i-) ^y°®v' 
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such that only /\^ C acts nontrivially, 

(3.4) dim < 00 for fc € ^Z, 



(3.5) V(k) = for k sufficiently small, 
equipped with a linear map V (S^V — > ^[[a;, a;~^]][iy9], or equivalently, 

V — > {EndV)[[x,x^%(p] 

V ^ r(i;,(x,<p)) = ^i;„a;-"-i +<^^z;„_ix-"-i 

where w„ S (End ]/)''('') and w„_i/2 £ (End T/)(''(^)+^) "^"'^ ^ ^j. „ homogeneous 
sign in V, x is an even formal variable, and ip is an odd formal variable, and where 
Y{v, (x, (fi)) denotes the vertex operator associated with v, and equipped also with 
two distinguished homogeneous vectors 1 e VJ-q^ (the vacuum) and r S ^"^3/2) (*^® 
Neveu-Schwarz element). The following conditions are assumed for u,v gV: 

(3.6) UnV = for n e sufficiently large; 

(3.7) Y[l,{x,(f)) = 1 (1 on the right being the identity operator); 

the creation property holds: 

Y{v, {x, (p))l € V[[x]M and lim Y{v, {x, (p))l = v; 

the Jacobi identity holds: 



- (-i)''("M-).o-^j( "^ - + '^^^^ )y(., (.2, y2))y(n, (.1, ^1)) 

= Ol ]Y{Y(u,{xo,(pi - (P2))V,(X2,(P2)), 



X2 

for u, V of homogeneous sign in V; the N = 1 Neveu-Schwarz algebra relations hold: 
[L{m),L{n)] = (m - n)L(m + n) + ^(m^ - m)^TO+„,o(rank F), 



G(m+i),L(n) 



G(m + i),G(n-i) 



for m,n gZ, where 



(m ^)G(m-|-n+ -), 

2L{m + n) + ^(m^ + m)^m+„,o(rank V), 



G{n +\) = T„+i, and 2L{n) = t„_,_ 1 for n G Z, 



i.e.. 



(3.8) y(r, (x, ^)) = ^ G(n + i)^-"-^-^ + 2^ ^ L{n)x-^- 



2' 

neZ neZ 
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and rank y e C; 

(3.9) L{0)v = kv for k e and vEV^k); 
and the G{~l/2)-derivative property holds: 

(3.10) + ^^y{v, {x, ^)) = Y{G{-\)v, (x, ^)). 

The iV = 1 NS-VOSA just defined is denoted by (¥,¥{■, {x,ip)),l,T), or for 
simphcity by V. 

The foUowing are consequences of the definition of = 1 NS-VOSA with odd 
formal variables which we will need in our proofs of the change of variables formulas 
(cf. ins]). We have 

L(n)l G'(n+ i)l = 0, for n > -1 
and r = G(-3/2)l. There exists uj = (l/2)G(-l/2)r e V(2) such that 



-n-2 



(3.11) r(c., (x, VP)) = Yl L{n)x—^ - I E('^ + - 

and UJ = L(— 2)1. The supercommutator formula is given by 

(3.12) [y(u,(xi,<^i)),r(i;,(a;2,^2))] 

= ReSxgX^ ol jY{Y(u, {xo,yyi - 'P2))v, {x2, tp2)) 

where ReSa;^ of a power series in xq is the coefficient of Xq^. We have 

(3.13) a;o^^°V(v, (x, (p))xq^^''°^ = Y{xl^'^°''v, (xlx, Xo(p)), 
and 

(3.14) Y{e'"'^^-^^+'^'>^^-^\,{x,ip)) = e'=°^+'^°(^+'^^)Y{v,{x,ip)) 

= Y{v,{x + xo + tpotp^Lpo + tp)). 

and 

g.oL(-l)+^oG(-i)y(^^ (X, ^))e-oi(-l)-^oG(-i) ^ 

= y(e^"'^(-i)+'^«G(-i)-2vo¥'L(-i)^^ (2;^ 

(3.15) = F(w, (a; + xo + (^((30, <^ + (y^o))- 

Let (Vi, ri(-, (x, <^)), li, Ti) and (F2, r2(-, (x, <p)), I2, ra) be two A^ = 1 NS-VOSAs 
over /\^^ and A*2' respectively. A homomorphism of N = \ NS-VOSAs is a doubly 
graded /\g^-modulc homomorphism 7 : Vi — > V2 such that 

l{Yi{u,{x,ip))v) = Y2{-i{u),{x,ip))-i{v) for u,v &Vi, 

7(li) = I2, and 7(ri) = r2. 

Remark 3.2. If (Fi, Yi(-, (x, y?)), li,ri) is an Af = 1 NS-VOSA and V2 is a Aoo" 
module which is isomorphic to Vi for some /\^-module isomorphism 7 : Vi — > V2, 
then defining ^2 : 1^2 — > (EndF2)[[a;, x-i]][(p] by 

Y2{u, (x, ^))i; = 7(n(7"'(w), {x, ^))7"'(f)) 
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for all w,w e V2, we have that (V2,l2(-, {x, (pj),-f{li),j{Ti)), with iZ-grading and 
Z2-grading on V2 induced by l^i, is an = 1 NS-VOSA which is isomorphic to 
(Fi,ri(-,(x,<^)),li,ri). 

Remark 3.3. Let {V,Y{-,{x,ip)),l,T) be an = 1 NS-VOSA. In (ns), we also 
study the notion of = 1 NS-VOSA over a Grassmann algebra without odd 
formal variables and show that (V, Y{-, (x, 0)), 1, r) is such an algebra. Conversely, 
given an = 1 NS-VOSA without odd formal variables {V,Y{-, x),1,t), we can 
define Y{v, {x, ip)) = Y{v, x) + ipY{G{-l/2)v, x), and then {V, Y{-, {x, Lpj), 1, r) is 
an Af = 1 NS-VOSA with odd formal variables. Using this correspondence, in jB3j 
we prove that the category of A^ = 1 NS-VOSAS over /\^ with odd formal variables 
is isomorphic to the category of A^ = 1 NS-VOSAs over /\^ without odd formal 
variables. However, in including the odd formal variables the correspondence with 
the geometry and the role of the operator G{~l/2), as in the G(— l/2)-derivative 
property, is more explicit. In addition, in a related issue, the choice of the odd 
components, i.e., the ip components of the vertex operators, determines the form of 
the G(— l/2)-derivative property which in turn is directly related to the choice of 
superconformal operator D for the underlying worldsheet geometry. 



4. Superconformal change of variables formulas for A^ = 1 

NS-VOSAs 

Let (V, Y{-, (x, ip)), 1, r) be an A^ = 1 NS-VOSA. In this section, we present the 
change of variables formulas for two superconformal changes of variables. First, 
in Section ICT we consider the change of variables {x,p) 1-^ H{x,(p) where H is 
a formal superconformal function vanishing at zero with invertible leading even 
coefficient of (p in its power series expansion about zero. This last condition is 
equivalent to H being bijective in a neighborhood of zero if H is convergent in a 
neighborhood of zero, however we do not assume H is convergent in a neighborhood 
of zero. 

Second, in Section 14.21 we consider the change of variables (x, ip) ^ H o I{x, p) 
where is a formal superconformal function vanishing at infinity with leading 
even coefficient of ipx~^ equal to i in its power series expansion about infinity. Thus 
H o I is a formal invertible superconformal function taking infinity to infinity. 

The results of this section will be proved in Sections and El In Section |31 we 
give geometric proofs of the change of variables formulas for changes of variables 
convergent in a neighborhood of zero and infinity, respectively, and in Sectional we 
give purely algebraic proofs in the more general case of formal changes of variables 
not necessarily convergent. 

4.1. Superconformal change of variables at zero. Let {V, Y{-, {x, ip)), 1, r) be 

an A^ = 1 NS-VOSA and let H he a. formal invertible superconformal change of 
variables vanishing at zero. By Proposition 12. II H^^ can be written uniquely as 

(4.1) H-\x,^) = c^p(-J2 {A,L,ix,p,)+M^_.G^_^{x,^)))■a^'''"^'''''^ix,p) 



CHANGE OF VARIABLES FOR N = 1 NS-VOSAS 15 

for some an G (AL)^ ^^'i (^ji G Aoo j £ Z+, and by Proposition 3.21 

in [B4| 

(4.2) =a^^"(^''^) -exp^^ (A,L,(a;,^) +Af^._iG^_i(x,(p))] • (x,^). 

Let be an even formal variable and let H^i/2{x,Lp) G Aoc I^^'^^HI^^]] M be 
defined by 

H,^,.{x,^) - r^an)2^»(-'^) -exp^^ v^) + M^._iG^._ 1 (a;, ^))y (x, ^) 
so that by Proposition 3.13 in |B4| 

Let y be a positive energy module for the iV = 1 Neveu-Schwarz algebra. Define 

V - exp(-^(^,LO-) + AV.G(j-i)))-r^an)-^^W.z;. 

Define 7// : V — > by 7// = 7^/ 41/2 1(1/2^1. Note that is well-defined and 
bijective with inverse 7^^ = 7^f-i. 
Define 

7e(ff,ti/2,(:r,v)) : ^ — ^ "^[2:,'y'][[^^]] 

V ^ (r^an)-^^(°)-exp(-5](ef)(a)L(j) 

+ (t*)G(j - i))) • exp(-e«(i^)2i(0)) • ^ 

where the Qf\t'/^) = ef\t-^/'aa,A,M,{x,^)) £ AJx,^][[t^^% for G iZ+, 
are defined by H2.15|l with -ff^V/2 'f) ~ ^^1/2 (2;, That is 

(4.3) (exp(e^^)(aan, A, Af, [x, ^)), {of ^(t^an, ^, M, (a:, ^)), 

eW,(aan,AM,(x,^))} ) 
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In other words, the 8^-^ (t^/^)'s are uniquely determined by 




exp(e«(.^)(2.|-+p|-)).Kp). 

FinaUy, define 

7e(W/^(..^)) ^ ^ ^^^^VWH 

V ^ exp(e«(a)2L(0))-exp[^ (eW(t^)L(j) 

+ ef_',(t^)G0--i))).r^ao)2^(°)... 

Proposition 4.1. Let {V,Y{-,{x,<p)),1,t) he an N = I NS-VOSA and H{x, ip) e 
■^AooIW] ® 'i'AooII^]] super conformal and invertible. Then H can be expressed 
uniquely as i4.S^ , the map 

(4-4) leiH.Xx.v)) = 7e(ff,ti/^(^,y))lti/2=i : V — > 

is well defined, and in V[[x^^ , x]][ip], we have the following change of variables 
formula 

(4.5) ■yH{Y{u,{x,ip))v) =Y{-iQ(H,{x,v)){u).,H{x,if))-iH{v), 

for u,v G V. In particular, we have that Iq^h ip)) ~ '^Q{Ht^/'^ v3))l*^''^=i 
well-defined, and 

(4.6) y(u,i?(a:,^))t; = 7H(r(7e(H,(x,^))W.(^'^)hif'(^'))- 

Furthermore, if H is convergent in a De Witt open neighborhood of zero, then for 
(z, 9) in the domain of convergence, both sides of \4-5^ and of i4-(^ exist for {x, (p) = 
{z,9) and are equal. 

Remark 4.2. The odd components Afj_i/2, for j G Z+, and the even soul compo- 
nents (00)5 and {Aj)s, for j S Z+, of the change of variables related to H act on 
both the even and odd components of the vertex operator and thus appear even if 
we restrict ourselves to an = 1 NS-VOSA without odd formal variable compo- 
nents. However, if F is an iV = 1 NS-VOSA over C rather than over a Grassmann 
algebra A* 7^ then the affect of the soul components of the change of variables 
related to H, i.e., the afTects of (an)s, {Aj)s and Mj^i/2, for j G Z+, will be trivial. 
(Recall that an = 1 NS-VOSA over a Grassmann algebra /\^ is defined to be 
a /\j^-module where only the subalgebra /\^ acts nontrivially.) This trivialization 
of the soul components for = 1 NS-VOSAs over C occurs regardless of whether 
the odd variable components of V are included or not. Thus, if is an = 1 
NS-VOSA over C, to realize a superconformal change of coordinates involving soul 
components, one must consider /\^ with /\^ = /\^ or /\^, where L > 0. 
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Remark 4.3. For invertible superconformal change of variables F{x, (p) vanishing 
at {z,9) ^ 0, we can write F{x,tp) —Ho s[z£){x^Lp) where H is invertible and 
vanishing at zero, and we can use the superconformal shift formula given by (|3.15() 
which, when combined with the change of variables formulas given in Proposition 
14. II above, provide the appropriate change of variables formulas. 

Remark 4.4. Replacing the superconformal function H{x, ip) by the body portion 
of H, setting all odd variables and the soul portion of supernumbers equal to 
zero and restricting V to in Proposition 14. II we obtain the change of variables 
formula for a VOA in the case of an invertible analytic function vanishing at zero 
as developed in |H2j . 




4.2. Superconformal change of variables at infinity. Let (V, Y{-, {x, ip)), 1, r) 
be an = 1 NS-VOSA. In this section we consider a change of variables (x, (p) i— > 
H o /(x, (fi) where is formally superconformal vanishing at infinity with even 
coefficient of ipx~^ equal to i in its power series expansion about infinity. By Remark 
12.21 H^^ can be written uniquely as 

(4.7) H-\x,ip)^expl J2 [BjL^.ix,^) + N^_iG_^+i{x,ip) 
Viez+ \ 

for some {B,N) £ /\'^. Let 
H-%{x,^)=expi J2 (t'BjL^j{x,^)+t^-^N^_iG_j+i{x,(p) 

Proposition 3.17 in B4 implies that /"^ o iJ^^^^^ (x, (^) £ {x,^) + /\^[t^/^][[x^^]][ip] 

is given by 

(4.8) 

r'oH;,j,ix,^)^expl ^ lpB,L_,ix,^)+p--^N^_iG_^+Ux,^)] ]-{x,^), 




and thus 
(4.9) 



Hti/2 o I{x,ip) = cxp^-J2 ^^BjL^j{x,ip)+t^ iN^_iG_j+i{x,ip)jj ■(x.ip). 

Let (y,Y{-,ix,ip)),l,T) be an A^ = 1 NS-VOSA. Let V = UkG^z^ik) be the 
graded dual space of V, and let L'{j) and G'{j — 1/2), for j G Z+, be the adjoint 
operators corresponding to L{—j) and G{—j + 1/2), respectively. Define 

~ +<^"-3A^,_iG'(j 




and define £,hoI '■ V — > V, by £^hoI — £,Hoi,t^/^\ti/2=i- Note that £^hoI is well 
defined and bijective. Let V = Ylke^z^ik) — {V')* be the algebraic completion of 
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V. Let 



3&+ 

be the adjoint operator corresponding to £,Hoi,t^/^: ^ind let Cijo/ — CJ^o/ tva lti/^=i 
be the adjoint operator corresponding to £,hoI- 
Define 

exp(-e^^^(i^)2L(0)) 

where the of (t^/^) = ef ^ ({i'^Bfc, i'=-i/2iVfe-i/2}/cez+ , {x, ^)) G Aoo I^"' - ^1 W^^'^]] 
are defined by H2.17|l with H^^j^{x, (p) = H^j2{x, f)- That is 

(4.10) (exp(e^'^({i'=Sfe,i'=-i/2iV,_i/2}feez+,(a;,^)), 

[ef{{t''Bk,t''-'/^N,_,/2}kez+,{^,v)), 

ef 1 ({t'=i?fc,t'=-i/2iVfe_i/2},ez+, (x,^))} ) 

In other words, the 0^^''(t^/^)'s are uniquely determined by 

. «p(^i; (ef A , <i±i„„|) , ef4 (,*,„,.(! - 

sxp(6f(,i)(2»A+,|-))^(„.„, 

Finally, define 



exp(e[,')(t^)2L(0)) -expl ^ (ef (a)LO-) 



+ efJ,(i^)G(j-i)jj -z;. 

Proposition 4.5. Lei (V, (a;, vs)), 1, r) be an N = 1 NS-VOSA and H{x, ip) o 
I € (xjip) + Aoo[[^~^]H'/'] formally superconformal. Then Hoi can be expressed 
uniquely as 14-^}) with i^/"^ = 1, the map 

(4.11) S.e{Hoi,{x,v)) = Ce(i/o/,ti/2,(a;,,^))lti/2=i : V — > 
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is well defined, and in V[[x ^,x]][ip], we have the following change of variables 
formula 

(4.12) Y{u,{x,^))CHoiiv) = CHoiiY{^ei„oi,(.,vy){u),H o I{x,^))v), 

for u,v eV. In particular, we have that ^qIhoI.{x..v)) = ^e{Hoi,t^/^,ix,v))^*'^^=^ 
well-defined, and 

(4.13) Y{u,Ho I{x, ^))v = (CHo/)"'(i"(ee(ffo/,(.,^))H' (^^ vWhoAv)). 

Furthermore, if H o I is convergent in a De Witt open neighborhood of infinity, then 
for [z, 9) in the domain of convergence of H o I both sides of i4.1'4 l md of i4.1S{ ) 
exist when {x, ip) — (z, 9) and are equal. 

Remark 4.6. Equation (|4.12|) in Proposition 14.51 above, is the superextension of 
the change of variables formula given at the top of p. 181 in |H2| . This can be 
seen by letting Huang's f~^{x) be the body of H{x,(p) (and thus f~^{l/x) is the 
body of H oI[x, (p)), setting all odd variables and the soul portion of supernumbers 
equal to zero and restricting VtoV''^. (Note that Huang's operator is the body 
portion of our operator £,hoI the body oi H.) 

5. Geometric proofs for convergent superconformal changes of 

variables 

In this section, we give geometric proofs of Propositions l4.ll and l4.5l in the case of 
convergent superconformal changes of variables. These geometric proofs rely on the 
correspondence between the worldsheet supergeometry of propagating superstrings 
in iV = 1 superconformal field theory and the algebraic structure of = 1 NS- 
VOSA developed in IB4 and B5'. More than just giving alternate proofs to the 
formal algebraic proofs we will present in Sectional this section gives the motivation 
behind the change of variables formulas. 

In Sections 15.115.31 we recall some of the basic results and structures of this 
geometric/algebraic correspondence. For more details, the reader should refer to 
|B4| and |B5j . In Sections 15 .41 and l5 . 51 we present the actual proofs of Propositions 
l4.1l and E31 respectively. 

5.1. The moduli space of = 1 superspheres with tubes and the sewing 
operation. In B4 , we define the moduli space SK{n) oi N =1 superspheres with 
n incoming ordered tubes and one outgoing tube, for n G N. Incoming "tubes" rep- 
resent propagating incoming superstrings and the one outgoing "tube" represents 
an outgoing propagating superstring in the worldsheet supergeometry of A'^ = 1 su- 
perconformal field theory. These propagating superstrings sweep out a supersurface 
or worldsheet in space time which has superconformal coordinate transition func- 
tions. Such a supersurface is called a super-Riemann surface. It is shown in |B4| 
that each incoming or outgoing tube can be represented by an oriented puncture 
and local superconformal coordinates vanishing at the puncture. Thus the moduli 
space SK{n) is the set of equivalence classes, under superconformal equivalence, of 
genus zero super-Riemann surfaces with n incoming ordered punctures, one outgo- 
ing puncture, and local superconformal coordinates vanishing at the punctures. 
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Furthermore the Uniformization Theorem for genus-zero super- Riemann surfaces 
proved by Crane and Rabin in |CR,| states that any compact genus-zero super- 
Riemann surface (i.e., supersphere) is superconformaUy equivalent to the super- 
Riemann sphere denoted SC. Just as the usual Riemann sphere is identified with 
the complex plane and a point added at infinity, the super-Riemann sphere SC can 
be thought of as the Grassmann algebra /\^ together with a fiber at infinity given 
by oo X (Aoo)-?- Thus SC has two coordinate charts /\^ = SC\{oo x {/\^)s) 
and /\^ = 5'C\(0 x {/\^)s) with coordinate transition function from the first 
coordinate chart to the second given by I{w,p) = {l/w,ip/w) for {w,p) G (Aoo)^! 
see |E4] . 

Let 

Ti = {{A, M) G /\!^ I E[A, M){z, 9) is an absolutely convergent power 

series in some neighborhood of {z,9) = O}, 

and for n G Z+, let 

5A/"-i = {((zi,0i),...,(z„_i,0„_i)) |(z„^^,)gAS„ {z^)B^[z,)B, forz^j}. 

Note that for n = 1, the set SM*^ has exactly one element. It is shown in ^64^ . that 
as a set 

SK{n) = 5Af"-i xHx ((AL)^ x w)" 

for n e Z+, and SK{0) = {{A,M) G H \ (Ai,Mi/2) = (0,0)}. Each element 
Q G SK(n) can be thought of as the super-Riemann sphere with n incoming punc- 
tures, one outgoing puncture and local superconformal coordinates vanishing at the 
punctures, where this super-Riemann sphere Q is a canonical representative of the 
equivalence class of superspheres with tubes superconformaUy equivalent to Q. For 
example, for Q G SK{n) given by 

g = ((zi, (z„_i, (A(") , M(°)), (aW, AW, M«), ...,(«(,"), MW)) 

this is the canonical representative of the equivalence class of superspheres super- 
conformaUy equivalent to Q where Q is the super-Riemann sphere with outgo- 
ing puncture at (oo,0) G SC and local coordinate vanishing at infinity given by 
^(A(o), -iM(o))(l/w, ip/w), the i-th incoming puncture at {zi,9i) G SC and local 
coordinate vanishing at the puncture given by E{a^\ A^'^\ M^'^^){w — Zi — p9i, p — 9i), 
for 1 < I < n — 1, and last incoming puncture at (0, 0) G SC and local coordinate 
vanishing at the puncture given 

In 'B4j , we define a (partial) sewing operation on SK — yj^^^j^^SK{n), denoted 

by 

,ooo : SK{m) x SK{n) SK{m + n - I) 

(Qi, (52) 1-^ Qi icoa Q2, 

where m G n G N, and \ < i < m. This sewing together of Qi and Q2 is 
defined if there exists ri > r2 > such that there exists a (DeWitt) open ball of 
radius r2 > about zero which is contained in the image of the local coordinate 
map vanishing at the i-th puncture of Qi but whose preimage contains no other 
punctures, and a (DeWitt) open ball of radius 1/ri about zero which is contained 
in the image of the local coordinate map vanishing at the outgoing puncture of Q2 
but whose preimage contains no other punctures. The sewn sphere is then obtained 



CHANGE OF VARIABLES FOR N = 1 NS-VOSAS 



21 



by removing the preimage of the ball of radius r2 from Qi and the preimage of the 
ball off radius 1/ri from Q2 and identifying the superannuli of the two boundaries 
using the superconformal inversion I{w,p) = {l/w,ip/w). See | B4| for details. 

The resulting sewn supersphere is then in a superconformal equivalence class 
of superspheres whose canonical representative can be expressed as an element of 
SK{m + n — 1). Much of the details which we will leave out here, but which 
are given in IB4|, concern the determination of the superconformal uniformizing 
function that maps the resulting sewn supersphere to its canonical representative 
in SK{m + n — 1). 

Below we give two examples of the sewing together of two canonical superspheres 
and the determination of the resulting canonical supersphere. These examples are 
the two that we will need for the geometric proofs of Propositions 14.11 and 14.51 in 
the case of convergent changes of variables. 

Example 5.1. Denote by the infinite sequence in /\^ that consists of all zeros. 
Let 

Qi = {0,{aa,A,M))(.SK{\), 

i.e., Qi is the canonical supersphere representative with one outgoing tube at infin- 
ity and local coordinate given by (l/wjip/w), and one incoming puncture at zero 
and local coordinate given by 

H-\w,p)^e^p(- [A,L,{w,p)+M^_^G^_^iw,p))) ■a^'"-"^'''''^ ■iw,p). 

In otherwords, the local coordinate vanishing at zero is given by (|4.1|) with (x, tp) — 
(w,p) where we are assuming that H^^ is convergent in a neighborhood of zero, 
i.e, that (A, M) G H. 
Let 

Q2 = ((2,e);0,(l,0),(l,0))G5i^(2), 

i.e., Q2 is the canonical supersphere representative with one outgoing tube at 
infinity and local coordinate given by {l/w,ip/w), the first incoming puncture 
at {z,9) and local coordinate given by S(^z,e){w,p) = {w — z — pO,p — 0), and 
second incoming puncture at zero and local coordinate {'w,p). from the defini- 
tion of sewing on SK, Q2 can be sewn to Qi if there exists a ball of radius 
r > in the image of H~^, i.e., in the domain of convergence of H, such that 
r > \zb\- In this case, we can form the sewn supersphere Qi iooq Q2, and 
there exists a uniformizing function F : Qi iooq Q2 ~* SC which, restricted to 
Qi, is given by Fi{w,p) = F\q-^{w,p) = {w,p) and, restricted to Q2, is given by 
F2{w,p) = F\q^{w,p) = H{w,p). 

Thus the resulting canonical supersphere has: outgoing puncture at Fi(oo, 0) — 
(c»,0) with local coordinate vanishing at the puncture given by / o F^ {w,p) = 
I{'w^p) = {l/w,ip/w); first incoming puncture at F2{z,9) — H{z,9) with lo- 
cal coordinate vanishing at the puncture given by s^J, g^ o F2^{w,p) = 5(2.9) ° 
H~^{'w,p) — o H^^ o s^^^ o S}j(zfi){wT p)] and last incoming puncture at 

^2(0,0) = -ff(0, 0) = (0,0) with local coordinate vanishing at the puncture given 
by F^\w,p)=H-\w,p). 
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In otherwords, letting 6^^^ = Qf\t-'^/'^aa, A, M, (z, 6'))|ti/2^i G Aoo be defined 
by H4.3|l . the resulting canonical supersphere is given by 

Qii(X3oQ2 = {H{z,e)-Q,E-\s(,^e)°H-^ os-^\,^g){w,p))Aan,A,M)) 

(5.1) = {H{z, 0); 0, (ane^o^' , {a^^e« , a^d'^Q^^ , J, (an, ^, M)). 

Note in particular that this implies that if H{w, p) is convergent in a neighbor- 
hood of zero, i.e., if {A,M) G H, and {z,6) is in the radius of convergence, then 
0j^\t^-^/^an, A, M, {x, ip)) is convergent for t^/^ = 1 and (x, ip) — (z, 0). 

Example 5.2. Let 

Qi = ((z,0);O,(l,O),(l,O))e5if(2). 

(which is described in detail in Example 15.11 above ^ and, 

Q2 = {{B,N),{l,0))eSK{l), 

i.e., Q2 is the canonical supersphere representative with one outgoing tube at in- 
finity and local coordinate given by 

i?-i(u;,p) ^exp^^ (i3,i_,(u;,p)+7V^._.G_,+ i(u;,p))) • (i ^), 

and one incoming puncture at zero and local coordinate given by (w,p). In oth- 
erwords, the local coordinate vanishing at infinity is given by (|4.7|) with [x, f) = 
(w, p), where we are assuming that is convergent in a neighborhood of infinity, 
i.e, that {B,N) G H. from the definition of sewing on SK, Q2 can be sewn to the 
last puncture of Qi if there exists a ball of radius l/r, for r > 0, about zero which 
lies in the image of H and such that 1/|z_b| < l/r, i.e., such that {z,9) is in the 
domain of convergence oi H o I . In this case, we can form the sewn supersphere 
Qi 2000 Q2, and there exists a uniformizing function F : Qi 2C)Oo Q2 — > SC which, 
restricted to Qi, is given by Fi{w, p) — F\q-^ [w, p) = H o I{w, p) and, restricted to 
Q2, is given by F2{w,p) = F\q^{w,p) = {w,p). 

Thus the resulting canonical supersphere has: outgoing pimcturc at _F'i(oo, 0) — 
H o /(oo,0) = (00,0) with local coordinate vanishing at the pmicture given by 
/ o F^' {w, p) = H~^{w, p); first incoming puncture at Fi{z, 9) = H o I[z, 0) with 
local coordinate vanishing at the puncture given by S(z,e) ° F'i^{'WtP) = ^{z,e) ° 
oiJ-i(w,p) = S(3^e) o-ff"^ os^o/(^_e) °SHoi(z,e){w,p); and last incoming 

puncture at ^2(0,0) — (0,0) with local coordinate vanishing at the puncture given 
by F^^{w,p) = {w,p). 

In otherwords, letting ef'> ^ ef\{t''Bk,t^'-^^^Nk^i/2}kez^,{z,0))\t,,2^^ e 
Aoo be defined by H4.10|l . the resulting canonical supersphere is given by 

Qi 2000 Q2 

= [H o I{z, 9)- {B, N), ^-i(s(,,e) o /-I o if-i o s-i,(,^,)(zi;, p)), (1, 0)) 

(5.2) = (i/o/(z,0);(i3,7V),(e«o^\{ef\efJj,ezJ,(l,O)). 

Note in particular that this implies that if H^^(w, p) is convergent in a neighbor- 
hood of infinity, i.e., if {B,N) G H, and {z,9) is in the radius of convergence of 
Hoi, then ef\{t''Bk,t''-'^/'^Nk_i/2}kez+,{z,0)) is convergent for t^/^ = 1 and 
{x,(f) = {z,9). 
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5.2. = 1 supergeometric vertex operator superalgebras. In this section 
we introduce the notion of = 1 supergeometric vertex operator superalgebra (N — 
1 SG-VOSA). But before we do this, we wiU need some further definitions and 
notations. 

Let (•, •) be the natural pairing between V' and V . For n E N, let 

=Hom/^^(y«^",y). 

For m G Z+, G N, and any positive integer i < m, we define the t^^'^ -contraction 

■)tU2:STv{m)xSTv{n) ^ Y{om{V®^^+^-^\V[[t^ ,t~-^]]) 
if, 9) ^ if 1*0 9)t^/2, 

by 

(5.3) (/ I *o 5)41/2 (Wl «)■•■«) Vm+n-l) 

= X! f{vi(S)---<E)Vi-i(^P{k){g{Vi(^---(S)Vi+n-l))<E)Vi+n'^---<S)Vm+n-l)t'' 

for all vi, ...,Vm+n-i G V, where for any k G ^Z, the map P{k) : V V(fe) is the 
canonical projection map. 

If for arbitrary v' G V, vi, ...,Vm+n-i G V, the formal Laurent series in t^/^ 

{v', if I *0 5)41/2 (Wl Vm+n~\)) 

is absolutely convergent when t^/^ ~ 1, then (/ ^ *o 5)1 is well defined as an element 
of STy(m + — 1), and we define the contraction (/ i *o 5) in STyim, + n — 1) 
0/ / and g by 

f i*a 9 = if i*o 5)ti/2=i- 

In |B5| (resp., in \B4\ ) we define a left action of the symmetric groups Sn on 
STv{n) (resp., on SK{n)). These actions are needed to define the notion of = 1 
SG-VOSA but will not be used elsewhere in this paper. Therefore we refer the 
readers to |B5| and |B4| for details. 

A supermeromorphic superfunction on SK{n), for n G is a superfunction 
F : SK{n) -> Aoo of the form 

(5.4) F{Q) - F((zi,0i),...,(z„_i,0„_i);(A(o),M(«)),(a«,^W,M«),..., 

(a^"\A("),M("))) 
= Fo((zi, 0i), (z„-i, 0„-i); (A(o), mW), (a^'\ A(i),m(i)), 

(a(r\ A("',M("))) X (n zr^* n - - (^^(^^r'A 

^i=l l<i<j"<n-l ' 

where Si and are nonnegative integers and 
Fo((zi,0i),...,(z„_i,0„_i);(A(°),M(")),(a(^\AW,Af«),...,(a("\A("),Af(^^ 

is a polynomial in the z^'s, 6'i's, an'''s, (ag'')~-'^'s, ^j*'''s, and A/j^'-|^y2's- For n = 
a supermeromorphic superfunction on SK{0) is a polynomial in the components of 
elements of SK{0), i.e., a polynomial in the ^^^'''s, and M^^-^^^.^^s. For F of the 
form l|5.4|l . we say that F has a pole of order Sy at (zi, 6*^) = {zj,9j). 
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Finally, the last ingredient we will need to introduce the notion of = 1 SG- 
VOSA is the r{an, A, M, B, N) series which was introduced and studied in |B4| 
and jB5j . This series is based on the local coordinates of the incoming puncture, 
represented by («□, A,M) g (AL)^ ^ ^^'^ ^^'^ outgoing puncture, represented 
by {B,N), being sewn when two superspheres with tubes are sewn together. The 
main fact we will need for the geometric proofs of the change of variables formulas 
is contained in the following lemma which follows from Proposition 3.33 in (B4,. 

Lemma 5.3. Let {A, M), {B, N) e H and G (AL)"" • If either {A, M) = or 
(B, N) = 0, then T{an,A, M, B, N) = 0. 

Definition 5.4. An iV 1 SG-VOSA over A, is a ^Z-graded (by weight) Aoo" 
module which is also Z2-graded (by sign) 

fce^z fceiz fceiz 

such that only the subspace A* of Aoo ^'^^^ non-trivially on V, 

dimV(^k) < oo for k G — Z, 

and for any n G N, a map 

Vn : SK{n) — » STvin) 

satisfying the following axioms: 

(1) Positive energy axiom: 

^(fc) = for k sufficiently small. 

(2) Grading axiom: Let v' G y, w G V(fc), and a G [KLY ■ Then 

{v',v,{Q,{a,m^))=a-^''{v\v). 

(3) Supermeromorphicity axiom: For any n G Z_|_, v' G V , and ui, G V, 
the function 

Q ^ (v', Vn{Q){vi (E) ■ ■■ (E) Vn)) 

on SK{n) is a canonical supermeromorphic superfunction (in the sense of (I5.4II '). 
and if [zi, Oi) and (zj, 9j), for i,j G {1, n}, i ^ j, are the i-th and j-th punctures 
of Q G SK{n), respectively, then for any Vi and Vj in V, there exists N{vi, Vj) G Z_|_ 
such that for any v' G V and Vk & V, k the order of the pole (z;, 6i) — {zj, 9j) 

of («', i'n{Q){vi ■ ■ • I'm)) is less then N{vi,Vj). 

(4) Permutation axiom: Let a & Sn- Then for any Q G SK{n) 

<y{vn{Q)) = Vn{<y{Q)). 

(5) Sewing axiom: There exists a unique complex number c (the central charge 
or ran/;) such that if Qi G SK{m) and (32 G SK{n) are given by 

Qi = ((zi, 0i), (z„_i, 0„_i); (A("), M^°'), (a(i), M(i)), 

....(af^^A'^^Mf™))), 

and 

= ((zi, 01), (z:,_i, 0;_i); (i3(°\ Af(°)), (6(1), 5(1), iV(i)), (6("), i?("), 7V("))), 
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and if the i-th tube of Qi can be sewn with the 0-th tube of Q2, then for any 
v' e V and vi, ...,Vrn+n-i e V, 

is absolutely convergent when t^/^ = 1, and 

i^^+n-i{Qi ^ooo Q2) = . *o MQ2)) e-r(«".^".^^"^s"">^"")^ 

We denote the A'^ = 1 supergeometric vertex operator superalgebra defined above 

by 

or just by (V, v). 

5.3. The isomorphism between the category of = 1 SG-VOSAs and 
the category of = 1 NS-VOSAs. In this section we recall from |B5| how to 
construct an iV = 1 NS-VOSA from an iV = 1 SG-VOSA, and how to construct 
an iV = 1 SG-VOSA from an iV = 1 NS-VOSA. We then recall the Isomorphism 
Theorem from B5 which states that the two notions are equivalent by showing 
that their respective categories are isomorphic. But first we must recall the l 
function introduced in jB2j and ^B5j which maps rational superfunctions to power 
series expanded about certain variables. This l function is a generalization of the i 
function of |FLM) . 

Let /\^[a;i, a:2, a;„]s be the ring of rational functions obtained by inverting 
(localizing with respect to) the set 



/ ^ aiXi I flj e /\^, not aU (0^)5 = 



" 

' i=l 

Recall the map iii...i„ : F[a;i, a;„]s — > IF[[a;i, 2^]^^, a;n, a;^^]] defined in |FLM| 
where coefficients of elements in S are restricted to the field F. We extend this map 
to Aoo ' ^2 , ■• ■, a;„] s [(pi , (^2 , ■ • ■ , <<3„] = Aoo [^1 ' '^1 ' ^2 , <P2 , ■ • ■ , a;„ , s in the obvious 
way obtaining 

Let /\^[xi, ifi, X2, Xm 'finls' be the ring of rational functions obtained by 

inverting the set 

l<j 

Since we use the convention that a function of even and odd variables should be 
expanded about the even variables, we have 

En 
J- _ J- i<j 



Thus f\^[xi,(fii,X2,(fi2, ■■■,Xn,^Pn]s' ^ Aoo 1^1 ' "i^i ' ^^2 , <P2 , a;„ ,(/?„] 5 , and tii...j„ is 
weh defined on /\^[xi,(pi,X2,(f2, x„, (/9„]s'. 

In the case n = 2, the map L12 : l\^[xi,Lpi,X2,V2]s' — > Aoo H^i' ^2]] [v^i, 'y'2] 
is given by first expanding an element of Aool-^i' '/'i' ^2, V2\s' as a formal series in 
Aool^i' VI1X2, ^2]s and then expanding each term as a series in Aooll-^i' ^2]] [<Pi, ^2] 
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containing at most finitely many negative powers of X2 (using binomial expansions 
for negative powers of linear polynomials involving both xi and X2)- 

Note that in the case of functions of one even variable xi and one odd variable 
the function bi is the identity. 

Given an iV = 1 supergeometric VOSA, we construct an (algebraic) iV = 1 NS- 
VOSA. Let (y, v) heanN = 1_SG-V0SA over A*- We define the vacuum 1^. e V by 
1^ = 1^0(0); an element €V hy Ty = (-9/5e)i/o(0, Af (e, 3/2)), where A/(e,3/2) 
is the series of odd supernumbers given by Af(e, 3/2) = {0, e, 0, 0, ...}; and the 
vertex operator Yi,{u,{x,ip)) = X^nez""^^"^^ + V X^nez "^"'^ associated 
with u G y by 

(5.5) UnV + Ou^_iv = Res^ (2;"i/2((z, e);0, (1,0), (1, 0))(w' (X) u ® w)) , 

where KeSz means taking the residue at the singularity z — 0, i.e., taking the 
coefRcient of 



Proposition 5.5. ^ |B5| ) The elements 1^ and of V are in fact in V(o) and 
V(3/2)7 respectively. If the rank of {V^v) is c, then {V,Yy{-,{x,ip)),l,y,T,y) is an 
N — I NS- VOSA with odd formal variables and with rank c . 

Given an TV = 1 NS-VOSA over A* with rank c G C, {¥,¥{■, {x,ip)), 1,t), we 
construct an = 1 SG-VOSA by defining a sequence of maps: 

i^X ■■ SK{n) SFv{n) 

Q ^ ^liQ) 

by 

{v', vl ((zi, 0i), (z„_i, 0„_i); (A(0), A/(")), (a(i), A/(i)), ... 

...(a("),A("),A'/("))) (t;i(g) •••»«„)) 

(5.6) = ii...„_i(e +V ^2 J V , 

for n G Z+, u' G V , and wi, G V, and by 

Proposition 5.6. (lHj; The pair {V,v^) is an N ^ 1 SG-VOSA over A*- 

Let SG(c, *) be the category of A^ — 1 SG-VOSAs over A* with central charge c, 
and let SV(iy9, c, *) be the category of A^ = 1 NS-VOSAs over A* with odd formal 
variables and central charge c where * is L G N or oo. Let Isv and IsG be the 
identity functors on SV(</3, c, *) and SG(c, *), respectively. 
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Theorem 5.7. (^) (^) For any c G C, the two categories S'V{ip, c, *) and 
SG(c, *) are isomorphic with isomorphism given by the following functors acting 
on objects and morphisms 

Fsv:SV{^,c,*) ^ SG(c,*) 
((F,y(-,(a;,^)),l,r),7) ^ {{V,^''),-/) 

and 

FsG -SGic*) SV((^,c,*) 

((l/,z.),7) ^ ((F,n(-,(x,^)),l,,r,),7) 

which satisfy Fsv ° FsG = IsG i"*^ FsG ° Fsv — ^sv- 

5.4. Geometric proof of Proposition 14.11 for superconformal change of 
coordinates convergent in a neighborhood of zero. 

Proof. Assuming that H{x, (p) given by (|4.2|l is convergent and bijective in a neigh- 
borhood of zero, we have 

gi = iOAao,A,M))eSK{l), 

and 

Q2 = ((z,0);O,(l,O),(l,O))G5i^(2). 

From Example 15. II we see that if (z, 9) is in the radius of convergence of H, then 
Q2 can be sewn to Qi and 

O11000Q2 - {H{z,e);0,E~\s^,^g)oH-^os^\^^g^{w,p)),{aa,A,M)) 

(5.7) = 6); 0, (ane^o" , {a^^ Qf\ a'^'^ef},},^^^), {an, A, M)). 

Therefore from the Isomorphism Theorem 15.71 the sewing axiom for an iV = 1 
SG-VOSA, and Lemma [5.31 we have that 

= (z;',K^(Qi) 1*0 vl{Q2)){u®v)) 

= {v\{l^2iQllO°oQ2){u(S>v)) 

(5.8) = {v',Y{^e^H){u),H{x,^))jH{v))\^^^^^^^^_,^ 

for u,v ^ V, v' V , and (z, 0) in the domain of convergence of H. Thus 7e(i/) is 
well defined and we have that 

lH{y{u, {x, ip))v) = F(7e(//)(u), F(a;, ip))jh{v), 

as formal power series in a;]][(p], with both sides convergent and equal if 

(x, (f) = {z, 6) is in the domain of convergence of H. Since Iq^h.i^/'^ ,(x,Lp))\t^/'^=i is 
well-defined, so is Q^j'\t^/'^)\ii/2^i and thus so is j^^^ ^1/2 (^-j) lti/2=i- This, the 

fact that ^ei(H ,v))°1qIh {x ~ ^ ^'^"'^ G V^, and the fact that is invertible, 

give us equation (|4.6() . □ 
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5.5. Geometric proof of Proposition 14.51 for superconformal change of 
coordinates convergent in a neighborhood of infinity. 

Proof. Let 

Qi = ((z,0);O,(l,O),(l,O))e5if(2). 

Assuming that H^^{x, ip) given by (|4.7|l is convergent and bijective in a neighbor- 
hood of infinity, we have 

Q2 = {{B,N),(l,0))^SK(l). 

From Example 15.21 we see that if {z,6) is in the radius of convergence of o /, 
then Q2 can be sewn to Qi and 

Qi 2000 Q2 

= [H o /(z, e)- {B, N), o /-I o o p)), (1, 0)) 

(5.9) = (i/o/(z,0);(i3,7V),(eef\{ef ,efjj,,^j,(l,0)). 

Therefore from the Isomorphism Theorem 15.71 the sewing axiom for an iV = 1 
SG-VOSA, and Lemma [5.31 we have that 

(5.10) = («''^(«'(^'^))^fe(^Ho/(«)))l(.,^)=(.,e) 

= (^'',('^2''(Ql)2*0 1^X{Q2)){U®V)) 

= {v' {Qi 2000 Q2){u®v)) 

= {£.Hoi{v'), Y{£,e^Hoi,(x,^)) {u),Ho I{x, tp))v) \ 

(5.11) = {v',CHoAYi^e{H,.L{x,,p))iu),H oI{x,ip))v))\^^^^^^^^^gy 

for u,v d V , v' V' and (z, 9) in the radius of convergence oi H o I . In particular, 
the above equality implies that 

{v',{vX{Qi) 2 *o iyY{Q2))t^/2{u(E)v)) 

is absolutely convergent when = 1, and is equal to 

{V, Y{U, (X, (p))CHolH)\(x,v) = i^,d) 

= {v', CHoi{YiCeiHoi,{x,v)) {u);Ho I{x, ip))v))\ , 

implying £,e(Hoi,(x,v)) = Ce(Ho/,ti/^(x.ip)) lti/2=i is weh defined for (z, 9) in the radius 
of convergence oi H o I. Thus, as formal power series in ^[[a::^^, a;]][<y9], we have 

(5.12) y(u, {x,lp))Choi{v) = CHoi{yiie{Hoi,{x,v))iu),H o I{x,Lpj)v) 

and both sides are well defined and equal for {x, (p) = (z, 6) in the radius of 
convergence of Hoi. In addition, since ^Q(^Hoi,t'-/2.{x.ip))\t^/2=i is well-defined, 
so is Qf\t^^^)\tU2=i and thus so is ^qj^^qj ji/2 (a; i^)) 1*1/^=1 ■ This, the fact that 
£,0{Hoi,{x,v)) °^e(Ho/,(x,v))(^) = V foi V e V, and the fact that is invertible, 
give us equation (|4.13() . □ 
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6. Formal algebraic proofs for formal superconformal changes of 

variables 

6.1. Formal algebraic proof of Proposition 14. II for formal superconformal 
change of coordinates at zero. In this section, we let H{x,ip) G Aqc[[x]]['p] be 
the formal superconformal power series given by (|4.2(l . but this time we do not 
assume that H{x, tp) converges in a neighborhood of zero. 

We will prove Proposition 14. II bv a formal algebraic argument first employed in 
[HS] to construct an iV = 1 SG-VOSA from an iV = 1 NS-VOSA (i.e., to prove 
Proposition!^] above). This result was then used in |B5j to prove the Isomorphism 
Theorem 15.71 The difference in the present case is that we are not assuming the 
convergence of H and consequently cannot use the Isomorphism Theorem l5.7l as we 
did in Sectional However, as it turns out, enough of the algebraic formalism used 
in |B5| carries over to the current more general setting, and we will be retracing 
that part of the construction used in B5 in this more general setting. 

We first prove the following bracket formula. 

Lemma 6.1. Let {V,Y{-,{x,(p)),l,T) be an N = 1 NS-VOSA over a Grassmann 
algebra. For u £ V, t^/^ a formal even variable, an G (AIL)^' '^^'^ (^j j Afj-i/2) G 
Aoo' f'^'''j S ™^ have the following bracket formula in (End y)[[t"'^/^]][[a;~"'^, a^lJiip] 

[ E (t'^n''A,L{j) + i^-^an^^+^M^.^ 1 G(j - i)) , Y{u, {x, ^)) 
(6.1) 



Furthermore, if we apply both sides of J^6.1\) to v £ V , then we can set = 1 ana 
both sides are well-defined elements ofV{{x))[(p]. 

Proof. From (|3.12l) . we have 
[Y{t, ixi,ip,)),Y{u,{x,^))] 



S (^^^^^J^ j y{Y{t, {xo, ^1 - ^))u, {x, ^)). 



Let 



lt{xi) = i'a^'''A,x{+^ and gt{xi) = ^ t^-^ a^'"'^^ M^_.x{. 
Then 

ipiReSa:Jt{xi)Y{uj,{xi,ipi)) = ipi t^og'^^ AjL{j) 



^iRes^,gt{xi)Y{T,{xi,ipi)) = ipi t^^^ ^n^'^^ Mj_iG{j - ^, 
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and by the G(— l/2)-derivative property (|3.10(l . we have 



1/ d 
2' 



Thus 



(piReSxi 



X 



^Y{t, {xQ,ipi - ip))u, {x,if>) 



However using the (5-function identity (|3.2fl . we have 

/I ( d d \ 

ifiReSx^ReSxQ I 2^*''^^Ha^ ^ ft^J + 9t{xi) 

x-Hl^ 



Xi~ Xq- Ifilf 



(1 f d d 

(^iReSa^iReSjjo ( 2'*^^^H9^ '^^ 



9t{xi) 



X + Xf)+ ipi^p 
Xl 



ReSa;iRes3;o — ^\^^\- 



\dipi 



X + Xq + flf 



Xl 



Y{t, {xo, -ip)) 



+ lkixi)x^^s{^)^YirAxo,^i)) 

+ gtixi)x^'^s( J ^^° ^Y{t, {xq, -ip)) 
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^ G(fc + i)xo-^-2 _ 2^L(fc)xo-^-2 



^1 



-fc-2 



+ 

+ Qx^-'i^-^an^^+^M^.. (GG - i) - 2(pL(; - 1))) 

= E E((fctO''""'"'"(^^" + KiTT)^"*"^'^°^^^^^^ 

which finishes the proof of H6.1II . 

Since F is a positive energy representation for the Neveu-Schwarz algebra and 
by the truncation condition for Y{-,{x,ip)), when appHed to v G V, each side of 
()6.1|) is in l/((a;))[(/?][t^/^] and thus well defined when = 1. □ 

We have the following immediate corollary to Lemma It). II 
Corollary 6.2. 

e ^ V 2 ^ Y[u,[x, ip))- 



32 



KATRINA BARRON 



^3 + 



Furthermore, if we apply both sides of the equation above to v G V , we can set 

We are now ready to prove Proposition 14.11 in the case of a formal invertible 
superconformal change of coordinates vanishing at zero. 



Proof. Denote 

Hti/2{x,(p) 

= iS:it-^),0it^)) 

= r^an)2^«(-'^) •exp(^ (A,L,(x,^) + M^._iG,_i(a:,^))) • (x,^). 



By CoroUarv l6.2l Proposition 12. 31 equation l|3.14|l . and equation we have 

jH,tU2{Y{u, {x,(p))v) 



e 
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+ ( (y^) i-^«nM^._ 1 + ^ll^ A,) G(fc + i)) ^ u, (x, v^)^ 



for u, w £ V^. Thus we have 

(6.2) 7H,ti/2(F(u, = r(70(ff,ti/2^(^,^))(M),i7ti/2(x,c/?))7^_ji/2('(;). 

By the truncation condition and the fact that is a positive energy module 
for the Neveu-Schwarz algebra, both sides of (|6.2|l are formal power series in 
and thus well defined at i^/^ = 1. This proves the first 
statement of Proposition 14. II and equation H4.5() for general formal superconformal 
change of variables H vanishing at zero. In addition, since 7e(ff.ti/2^(a;^;^)) |ti/2^i is 

well-defined, so is ^1/2^1 and thus so is 7e(^ff,ti/2^(a;^;^)) 1*1/2=1- This, the 

fact that Je(H.{x,ip))°jQ^H {x v))^^-' ~ ^ ^'^^ v ^ V, and the fact that jh is invertible, 
give us equation (|4.6() . □ 
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6.2. Formal algebraic proof of Proposition 14.51 for formal superconfor- 
mal change of coordinates at infinity. In this section, we let H^^{x,(p) G 

•^"^ AcxD [[•^~^]] M formal superconformal power series given by (|4.7|l . but 

this time we do not assume that H^^ converges in a neighborhood of infinity. 

As in Section l6.il we will prove Proposition 14 . 51 bv a formal algebraic argument 
first employed in B5 to construct an iV = 1 SG-VOSA from an = 1 NS-VOSA. 

We first prove the following bracket formula. 

Lemma 6.3. Let {V,Y{-,{x,(p)),l,T) be an N — 1 NS-VOSA over a Grassmann 
algebra. For u V , t^^^ a formal even variable, and (Bj, Nj_i/2) G Aoo' f'^^ 
j G Z+, we have the following bracket formula in (End V)[[t^^^]][[x~^ , x]][(p] 

[ (t^B,L{-j) + t^-iN^_^G{~J + i)) , Y{u, {x, ^)) 



+ {t'-^N^-i + ^x-'tl_I!!lt^B,)Gim + (x, <^)) . 

Proof. From (|3.12() . we have 

= Res^gX^^S ^ — ^£1^^ Y{Y{t, {xo,fi - f j)u, {x, (p)). 

Let 

k{x,) = J2 t'B,x^'+^ and gt{x^) = ^ t^-"- N^_ix^'+\ 

Then 

ipiReSx^lt{xi)Y{uj,{xi,ipi)) = ipi t^BjL{-j) 
LpiRes^,gt{xi)Y{T,{xi,(pi)) = ^ iJ-^A^^._ i G(-j + 

and by the G(— l/2)-derivative property (|3.10|l . we have 
y(c.,(xi,(pi)) = r(iG(-i)r,(a;i,^i)) 
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Thus 



1 ( d d 



)Y{Y{t, (xo, - </3))u, (X, if)) 



d_ d 



Y (^iRes^^Res^„{^lt{xi)(^-T^ + ipi^^ + gt{xi)^ 

x~'^5{^ xo_^ — ^P]^^Y{t, (xo,(/?i - ip))u, (x, V?) 



However using the (5-function identity (|3.2() . we have 



(/3iRes2;iReSa; 



X 



r(r, (xo,(pi - ^)) 



(I f d d \ 

(/3iReSa;iRes2;o ( 2'*^^^H9^ '^^ + 9t{xi) 



x^ 5[ 

V xi 



Res^,ReSa;o ^^( '^ '^^'^ ))^('^^ (^^o, -v)) 



^iRes,,Res,/('^n(x + xor-Va;r""') I] t'BjX-'+^ 



^fcez ^ ^nez ^ ^ jez+ 



2^L(fc)xo-'- 



jisz ^ jez+ 
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^ „-fc-2 



-J + 1 
/ 



m— — 1 



+ ("^;^ ^)x-^-'+4^-^7V^._. (GG - i) - 2^1(1 - 1))) 



TO + 1 



m=-l jGZ+ ^ ^ ^ 

+ {t^-'^N^^.+^x-'tl_^t^B,)G{m+i)^ 

which finishes the proof of H6.3|l . □ 

We have the following immediate corollary to Lemma l6.3l 
Corollary 6.4. 

+ (t^-^iV^-_ 1 + ^x~'tl_I!^t^B,)Gim + 1))^ u, (x, vp)^ • 

We are now ready to prove Proposition 14.51 in the case of a formal invertible 
superconformal change of variables Hoi taking infinity to infinity. 
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Proof. Denote 



V jez+ J 
By Corollary 16. 41 ProDOsition l2.4l and equation H8.14|l . we have 

^( ( ^^ (t^S.L(-j)+t^-iw,_lG(-j + i)) 

= Y{u,(x,Lp))e +V ■' ^ J - v 



7 — m 



y ^g((5(t5)-x-v'(ti)¥')i(-l) + (¥'(*i)-¥')G(-i)) ^ 

(ef (a)L(j) + ef^(i^)G(j-i))y 



exp 



exp I 

CHoi,tU2{Y{^e(Hoi,t^/'^,{x,v)){u),Hti/2 oI{x,Lp))v), 



for u, w G V^. Thus we have 
(6.4) Y{u,{x,^))Choi 

)){u),Hti/2 oI{x,if))v) 
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as formal power series in Setting t^l"^ = 1 on the left-hand side 

of (|6.4(l . we see that both sides of H6.4|l are well-defined elements of a;]][iy9]. 
This proves the first statement of Proposition 14.51 and equation H4.12|l for gen- 
eral formal superconformal change of variables H at infinity. In addition, since 
Ce(ffo/,ti/2,(a;,;p)) lti/2^1 is well defined, 0^^''(t"'^/^)|ti/2^i must also be well defined, 
and thus so is ^7?;,, , /-> , This, the fact that for f G y, we have 

£.0(Hoi,(x,v>)) ° Ce(Ho/,(x,ip))(^) = " ' tl^s f^ct that ChoI is invertible, give us 
equation H4.13|) . □ 

7. Isomorphism classes of = 1 NS-VOSAs arising from 

SUPERCONFORMAL CHANGES OF VARIABLES 

For H a formally superconformal of the form H4.2|l . we note that 1)4.5(1 is equiv- 
alent to 

(7.1) lHiY{u, {x, Lp))v) = y(7e(//,(x,¥.)) o ° 1h{u), H{x, (p))jHiv). 
Thus by Remark 13.21 we have the following corollary to Proposition 14.11 
Corollary 7.1. Let H , and "fQ{H.(x.^p)) as in Section \4-. 1\ Define 

(7.2) Vh = 1h{V), 

(7-3) Yh{u,{x,ip}) = Y{jQ(^H,(x,,p)) °lH^{u),H{x,Lpj), 

(7.4) 1h = 7h(1) 

= 1, 

(7.5) TH = 1h{t) 

= a-^^T. 

Then (V/f, 1^ (2;, <^)), Iff, th) is an N = 1 NS-VOSA and is isomorphic to 

(y,y,i,r). 

Similarly for a formally superconformal power series of the form 1(4. 7|l . we 
note that since is invertible, ((4.12() is equivalent to 

{CH.ir\Y{u,ix,^))v) 

= Y{iQ(^Hoi,(x.v)){'^)^H o I{x, ^)){Choi)''^{v)) 

= YiieiHoix.,^)) ° Choi ° {CHoir\u), H o I{x, ip)WH,i)-'{v)). 

Thus by Remark 13.21 we have the following corollary to Proposition 14.51 

Corollary 7.2. Let H oL. ^|jo/ and £,s(H.{x.ip)) be as in Section \J^ Define 

(7.6) Vhoi = U (^Ho/)"'(V(„)), 

(7.7) Yhoi{u,{x,lp)) = Y{£,e^„oi,(x,<p))°^Hoi{u),H oI{x,Lp)), 

(7.8) iHoi = iCH.ir'W 

= 1 + NsT + B2UJ + terms of higher weight in V , 

(7.9) THoi = {CHoir^r) 

— r + terms of higher weight in V. 
Then {VhoI ,Yhoi{-, {x, ip)),lHoi ,thoi) is an N = 1 NS-VOSA and is isomorphic 

to (y,r,i,T). 
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Remark 7.3. In |H2j . Huang defines families of isomorphic VOAs derived from a 
change of variables / where / is an invertible analytic function vanishing at infinity. 
However, there is a mistake in his definition of the operator Yi/j{ui^f,x)vi^f on p. 
181. Instead of defining 

(7.10) Y,/f{u,^f,x)v,^f = Y{i^l/fiu,/f),l/f{x))v,/f 
one should define 

(7.11) Yi/f{ui/f,x)vi/f = Y{Tpl^^^^^^^{ui/f),l/f{x))vi/f 

- r(er//(.) ° 

The superextension of this is equivalent to using the equation H4.12|l to note that 

CHoiiY{u, ix,tp))v) 

= Yi^elH.ij-^oH-H.,^))i^)^I''°H-\x,^))CH.iiv) 

= ^(ee(Vo/,7-io//-n.,^)) ° (Choi)-' o ChoAu),!-' o H-\x,^))CHoi{y)- 
Thus defining 

(7.12) Vj-.,H-^ = [] CHoAVin)), 

(7.13) (u, {x, ip)) = >^(e0(Vo/j-ioH-M-.^)) ° (^H.ir\u), 

(7.14) r'oH-\x,ip)), 

(7.15) 1/-10//-1 = ChoiW 

(7.16) T,-io^-i = CHoiir) 
(7.17) 

gives an = 1 NS-VOSA isomorphic to {V,Y,1,t). One recovers the correct 
analogous formulas for the non-super case given in |H2| by letting / be the body 
component of H~^, setting all odd components and soul portions of supernumbers 
equal to zero and restricting V to (Recall that Huang's operator is the 
body portion of our operator if /^^ is the body of H.) 

8. SUPERCONFORMAL CHANGE OF VARIABLES IN AN ANNULUS 

Let be a closed annulus in the complex plane with Jordan curves Ci and C2 
as its boundary. Let S be the superannulus in with body and such that S 
is closed under the DeWitt topology, i.e., let 

S = X (A^)s. 

Let H^^{z,ip) be an invertible orientation-preserving superconformal map defined 
on S. 

Let E2 be the open subset of in the DeWitt topology whose body is the 
exterior of C2 in the complex plane union {00}. Assume that Ci and C2 were 
chosen such that Ci C (£2)5. Assume that the interior of C2 and the interior of 
the body of the subset H~^{C2 x {/\^)s) both contain zero. Let Si be the open 
subset of /\^ in the DeWitt topology whose body is the interior of the body of 
H^^{Ci X {f\^)s) in the complex plane. 
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Let 

M = Si U E2/{p = g if p e S, g e H-^iY.), and H-^{p) = q]. 

Then M is a super-Rieniann surface with superconformal coordinate charts given 
by the two open neighborhoods Ei and S2, and the superconformal coordinate 
transition H^^ . It is clear that topologically, M is a supersphere. Thus by the 
Uniformization Theorem for super- Riemann surfaces proved in |CR j . M must be 
superconformally equivalent to the super-Riemann sphere S'C Let be a supercon- 
formal isomorphism from M to S'C. Then F restricted to Si and S2, respectively, 
gives invertible superconformal functions Fi and F2, respectively, such that for 
(ly, p) in the interior of E 

F2{w,p)^FioH-\w,p), 

or equivalently 

(8.1) H-\w,p)=F^^oF2{w,p). 
We can assume that 

(8.2) Fi(0,0) = (0,0) 

(8.3) ^^2(00,0) = (00,0) 

(8.4) lim ^F2{w,p) = 1, 

since if equations (|8.2I) - (|8.4|) do not hold, we can compose F with a global super- 
conformal transformation T from S'C to S'C, such that equations H8.2|l - lj8.4|l hold 
for To i^; see |B4| . 

Since Fi is superconformal and invertible in a neighborhood of zero, and van- 
ishing at zero, Fi{x^Lp) can be written in the form of H4.2|l . and since F2 is super- 
conformal satisfying equations (|8.3|) and (|8.4|) , F2 can be written in the form of the 
righthand side of 14. 8() with t^/'^ = 1. Thus by Propositions 14. II and 14.51 we have 

(C-i )"^ ° 7Fi {Y{u, (x, ip))v) 

= {Cp-iy^{y{ie{Ft,{x,v)){u),Fi{x,Lp))-iFA'")) 

= >"(Ce(F-i,_Fi(i.,v))) °7e(Fi,(i.,<p))(w),iV^ °^i(2;,<^))(C-i)"^ o7-Fi(«) 
= >"(^e(F2-i,_Fi(x,v)) °T0(-Pi,(^^v))(")'^(a^''/'))(C-i)"^ °7Fi(w) 



Thus by Remark 13.21 we have the following Corollary to Propositions 14. II and 14.51 

Corollary 8.1. Let H^^ be a superconformal map defined on the superannulus 
E as given above, and let Fi and F2 be the unique superconformal coordinates 
defined in neighborhoods of and 00, respectively, and satisfying IS.l]) - ^^^ . Let 
{V,Y{-,(x,lp)),1,t) be an N — 1 NS-VOSA. We have the following change of 
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variables formulas in V[[x ^,x]][(p] 

(8.5) {Cp-i)-'ojF^{Y{u,{x,^))v) 

i.e., 

(8.6) Y{u,H{x,^))v 

for u,v V , and for (z, 9) in the domain of convergence of H , both sides of 1^8. 5\) 
and of \8.6]) exist for {x,Lp) = (z, 9) and are equal. Furthermore, define 

(8.7) Vh = {Cp-^)-^o^p^{V), 

(8.8) Yh{u,{x,lp)) = ^(^e(i=^-\Fi(x,v)) °7e(P'i,(x,v)) o7fi^ 

(8.9) H{x,v)), 

(8.10) 1h = {Cp-^)-^o^p^{l), 

(8.11) TH = iCp-.)-'o^p,{T). 

^2 

(8.12) 

Then {Vh ,Yh{-t {x, ip)),lH ,th) is an N ^ 1 NS-VOSA and is isomorphic to 
{V,Y,1,t). 

Remark 8.2. We have assumed that the annulus S and its image under H'^ 
circumscribe zero. However, if it does not, we can use the superconformal shift 
change of variables formulas given by 1)^11 5|l which, when combined with the change 
of variables given in CoroUarv lS.ll above. provide the appropriate change of variables 
formula. 



Remark 8.3. The formula for Yi/f on p. 183 in |H2| is incorrect. The formula 
should read 

Y^/f{u^/f,x)v^,f 

= n0(.,)-ioFa)(.) ° {C^p,2,y.)-\uyf),{F^^'>)-'oF^^\x))vyf 

= Y(^f{x) ° iC(F('^))-iy^{ui/f),f{x))vi/f. 

In addition, the isomorphism in Theorem 7.4.8 in H2 should be ^*p(2)^-i ° fpw- 
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